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In this paper we show the Wilson effective action for the 2-dimensional OiN + l)-symmetric lattice non- 
linear (7-model computed in the 1-loop approximation for the nonlinear choice of blockspin ^(s), = 
C(/)(x)/|C(/>(2;)|,where C is averaging of the fundamental field over a square x of side S. 

The result for 5*6// is composed of the classical perfect action with a renormalized coupling constant /3e//, 
an augmented contribution from a Jacobian, and further genuine 1-loop correction terms. Our result extends 
Polyakov's calculation which had furnished those contributions to the effective action which are of order In a/a, 
where a is the lattice spacing of the fundamental lattice. An analytic approximation for the background field 
which enters the classical perfect action will be presented elsewhere jl[ . 



1. Introduction 

Effective lattice actions 5*6// in the sense of 
Wilson are perfect actions in the sense that they 
reproduce the long distance behaviour of a theory 
with a much larger UV cutoff. Different approxi- 
mations have been considered before H-jJ]. 

Our computation of Sef / in 1-loop approxima- 
tion identifies genuine 1-loop corrections beyond 
the appearance of a running coupling constant in 
the classical perfect action, vi^hen terms are in- 
cluded which are not 0(lna/a). Details and an 
analytical approximation for ^' as a function of $ 
are found in ref. ||l[. 

2. Definitions 

The model lives on a square lattice A of lattice 
spacing a with points typically denoted z,w, . . . . 
We use lattice notations so that /(...) = 
a^^^(...) I— > JcPz{...) in the continuum limit 
a I— > 0; /i is the lattice vector of length a in /i- 
direction = 1,2). The field (t>{z) G S*^ is a 
{J\f + l)-dimensional unit vector. The action of 



the model is 



(1) 



A block lattice A of lattice spacing a = s • a is 
superimposed (s, a positive integer). Its points 
are typically denoted x,y, . . . . They are identified 
with squares of sidelength a in A. 

We define a blockspin ^{x) which lives on the 
block lattice as a function $(a;) = C(t>{x) of the 
fundamental field. $(a;) is also a (A/'-t-l)-unit vec- 
tor; therefore the operator C is necessarily non- 
linear. We choose 



$(a-) = C0(x) = C(j}{x)/\C(t){x)\ . 

The linear operator C averages over blocks, 

C(t>{x) = av2g^0(z) 

The Wilson effective action is defined by 

e-^°«-[*l = J 2?(^[|(5(C(/.(x),$(x))e-^[^l 



(2) 



(3) 



(4) 
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= Yiz d(f>{z) , where d(j) is the uniform measure 
on the sphere 5^, and 6 is the A/'-dimensional 
(5-function on the sphere. 



We consider a 5-function constraint because 
computation of expectation values of observables 
which depend on only through the blockspin <i> 
must then be identical whether computed with S 
or ScS- This prepares best for stringent tests of 
the accuracy of the result. 

Hasenfratz and Niedermayer |^ showed numer- 
ically that much better locality properties of ef- 
fective actions are obtained when a Gaussian is 
used in the definition of the effective action in- 
stead of a sharp (5-function. Therefore we admit 
the substitution 



6{Ccl){x),<f{x)) ^ Jo{Ccj){x))e 



-i^||C-L[$]0(x)| 



(5) 



with C^[^](t>{x) = C(j){x) - ^{x){^{x) ■ C(j){x)) = 
C(j)-^{x) and Jq as in eg. (pi]) below. The 5- 
function is recovered for k — oo. 

3. Background field and classical action 

Given a blockspin configuration $, let 5* = 
^'[<I>] be that field on the fine lattice A which ex- 
tremizes S, resp. S'(0) -I- 5/?^^^ |C(/)^(a;)|^ for 
K < 00 subject to the constraints |^'(z)p = 1 and 



(6) 



^ is called the background field. The classical 
perfect action is 



• 2 K, — QO 



5(*).(7) 



Here we wish to compute the 1-loop corrections. 
It is convenient to regard the full effective action 
as a function of This is possible because $ is 
determined by '5 according to eq.(||). 

For large enough blocks, the background field 

is smooth. 

4. The 1-loop approximation 

A perturbative calculation of the functional in- 
tegral for the effective action is not straight- 
forward because the argument of the (5-function 
is a nonlinear function of the field. 

To solve this problem, we find a parametriza- 
tion (j>{z) — of an arbitrary field (f> on 

A in terms of the background field = \E'[<i>] and 
a fiuctuation field obeying C(z) ± for z ^ x 



such that the constraint becomes a linear con- 
straint on viz. CC = for k = 00. 

The background field is a smooth field. It re- 
presents the low frequency part of ((>, while C adds 
the high frequency contributions. ^ takes its val- 
ues in a linear space. We decompose (j){z) in 
components _L and || to (x 9 z) and put 

(t)^{z) = ■^-^{z) + C{z). Balaban §| has shown 
how to find a suitable parametrization for lattice 
gauge fields. 

There is a jacobian J to the transformation, 
and the result has the form 



,-S„ff[<i>] _ 



Y[daz)sicoji^,o^ 



-S(0[*,C]) 



(8) 



with a Gaussian in place of (5 if k < 00. 

The 1-loop approximation yields the effective 
action to order It is obtained by expanding 
the action to second order and the Jacobian to 
zeroth order in the fluctuation field. This ap- 
proximates expression (^) by a Gaussian integral. 
The resulting Tr log formula is not particularly 
useful, though. 

A first simplification is achieved by exploiting 
the fact that the background field 5" is smooth. 
This is always true, for large enough blocks, 
because a 2-dimensional Heisenberg ferromagnet 
has no domain walls . Because of the smooth- 
ness of one can neglect terms of higher order 
than second in V^*. 

The exact 1-loop perfect action to this order is 
as follows. 

ScS = S,i-Y,^nMC<f{x))-lTrlnTQ + 



•^cff + / trj^{z)V^TQ{z,z + fiL) , (9) 

J Z 



mz])^{~A)^iz) 
cos 9{z) 



(10) 



^To save brackets, we adopt the notational convention that 
derivatives acts only on the factor immediately following 
it. We used vector notation, is the row vector trans- 
pose to ^. Note that jfj.{z) is a matrix. 



where in the expression V i^iTq{z, z+jl) the deriva- 
tive acts only on the first argument, [z\ is the 
block containing z, the jacobian is 



MC-^{x)) = \C-^{x) 



1 



(11) 



(2) 

and S'gg is a contribution from a renormalized 
1-loop graph with 2 vertices as follows 



d(2) _ 
'eff — 



tr 



V^Tq(z,w) 3l{w)TQ(w,z)j^(z) 

+V^rQ(z, w)>(w)Vi.rQ(w, z)j^{z) 
+5^J^,wjt,{z)TQ{z^,w^)j^{w)) . (12) 

We used the notation z^ = z + fi. The 5^i,5z,w- 
term subtracts the part which diverges in the 
limit a i-^- 0. The last term in the definition ( p^ ) 
of can be dropped inside eq.(p^ because its 
contribution is of higher order in V^*. 

Tq is an (7V+ 1) x (7V+ 1) matrix propagator, 

Tq = {-A + kQ^C^CQ)-^ ■ (13) 
Q{z) = l-*(z)*'^(z) + $(x) 

(^'^(z)[l + cos6l(z)] - $"^(0;)) (14) 

with cos6'(z) = ^{z) ■ $(x) , {x 3 z). Both cou- 
pling constant renormalizations /3^g and /3^jj have 
a residual dependence on through Q, so they 
fluctuate somewhat with to leading order the 
dependence is through cos 6'. Note that /3^g is a 
{M -I- 1) X {M + 1) matrix, while 0lff is a scalar. 

/3iff(z) = Tq{z,z), (15) 
/32^(z) = ~iv[l~^-^^{z)]TQ{z,z) . (16) 

Finally, the last term in eq.(^ is a lattice artifact. 
If $ is smooth enough, one may expand 



^Tr In Tq = 



A[z, x)C{x, z)3[cos6'(z) — 1] 



Tkg{z, w)AA{w, y)C{y, z) 



+A{z, x)C{x, w)A{w, y)C{y, z)] + 

and substitute Fg^i = Tkg^ elsewhere. 

A — kTkgC* has a finite limit as k ^ oo H. 



5. Recovery of Polyakov's result 

Polyakov determined the contributions to the 
effective action which are of order In a/a [|lO|. 
They do not depend on the detailed form of the 
blockspin which fixes the infrared cutoff in the 
auxiliary theory with fields The presence of 
— kQ^C^CQ in the high frequency propa- 
gator has the effect of an infrared cutoff To 
get the result modulo details of the choice of in- 
frared cutoff, we may therefore replace M-^ by a 
mass term M^, where M = 0{a~^). Tq then 
becomes translation invariant. One shows that 
{^{[z])'^A^{z)) /cosOiz) = \E''^(z)A*(z) by the 
extremality condition for ^. Polyakov's result is 
now recovered because Tr In Tq becomes constant 
and neither In Jq nor the last two terms in eq. (H) 
are of order In a/a . 
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